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1. Introduction

Magnetohydrodynamics (MHD) models the flow of a charged fluid, or plasma, in the presence of electromagnetic
fields. There are many formulations of MHD, depending on the domain and physical parameters considered. This includes
assumptions associated with the coupling between the electric field, current density, and Ohm'’s law, leading to formulations
such as ideal, resistive, and Hall MHD [ 1]. In this paper, we use a single incompressible fluid model, treating ions and electrons
together, along with a resistive formulation. The resulting visco-resistive model couples the Navier-Stokes equations with
Maxwell’s equations, forming a nonlinear system of partial differential equations (PDEs). Moreover, we focus on time-
independent solutions, with our primary focus on existence and uniqueness of solutions to the nonlinear and linearized
systems of equations.

The equations of stationary, incompressible single fluid MHD posed in three dimensions are considered in (for example)
[2,3]. Under some conditions on the data, the existence and uniqueness of solutions to weak formulations of the equations is
known both in the continuum and for certain discretizations. The focus of this paper is on MHD in two dimensions (2D). Here,
a vector potential formulation was used in [4,5]. Vector potential formulations are attractive for electromagnetic problems
with two-dimensional dynamics, since they substantially reduce the complexity of the resulting equations, by trading vector
for scalar unknowns, and the curl terms that arise in Maxwell’s equations for standard gradient and diffusion operators.
Despite this attractiveness, there is a scarcity of analysis for multiphysics systems using vector potential formulations, for
both the continuum and discretized models. In this paper, we demonstrate that standard analysis techniques can be extended
from three-dimensional MHD [2,3] to the two-dimensional discretizations considered in [4,5], although some complications
arise that can only be addressed (to our knowledge) by making more restrictive assumptions.
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Fig. 1. Cross-sectional view of large aspect-ratio tokamak geometry, with major radius, R, and minor radius, r, satisfying R >> r. A cross-section of thickness
dr can be unfolded to create a Cartesian grid as pictured.

Two-dimensional models of MHD arise when considering magnetically confined plasmas, such as in a large aspect-ratio
tokamak reactor, as illustrated in Fig. 1. In this setting, the magnetic field along the toroidal direction (denoted by z) is very
large in order to contain the plasma. Consequently, the resulting dynamics decouple into a two-dimensional problem posed
over the poloidal cross-section. While such a configuration can be accurately studied using full three-dimensional models,
the computational cost of such models is substantially more than their two-dimensional counterparts, thus motivating the
many numerical studies of MHD in two dimensions.

While numerical results using the vector potential formulation already exist in the literature, [4,5] focus primarily on
linear algebraic aspects of the solution of the resulting linearized systems of equations, leaving open the questions of
existence and uniqueness of solutions. In this paper, we focus on the theoretical analysis of both the continuum model and
its discretization, applying standard theoretical tools for the existence and uniqueness of solutions at both the continuum
and discrete levels. For the discretization, this is complicated when considering a nonconforming discretization, as was
used in [4,5]. Nonetheless, under moderate conditions, we prove that Newton’s method yields well-posed linearizations and
converges to the solution of the weak formulation.

An outline of this paper is as follows. In Section 2, we detail the vector-potential formulation for the MHD problem in 2D
and, under standard conditions, we prove the existence and uniqueness of the continuum solution. In Section 3, we introduce
a modified, “uncurled”, formulation for the MHD problem and present the analysis of the discretized problem using a mixed
finite-element method. In Section 4, we consider Newton’s method for solving the nonlinear system. Numerical results
supporting the theory are presented in Section 5. Finally, some concluding remarks are given in Section 6.

In what follows, the letter C (with no subscript) denotes a generic positive constant which may be different depending
on the context. When used with a subscript, the constant is the same in all instances. For a Lipschitz domain £2 C R?, denote
by I’, 1 < p < oo, the Lebesgue space of p-integrable functions, endowed with the norm || - ||o ,. Denote the standard
Euclidean norm as ||, the classical L*(£2) inner product and norm as {-, -)o and || - ||o, respectively, and (f, g) = fg fedX,
where fg € L'(£2). The standard L?>-based Sobolev space with integer or fractional exponent s is denoted by H5(£2). We write
| - ||s for its norm.

For convenience, we introduce the spaces

J = (H)(@) NHIV%; 2), W= (H)(Q)), Q=I%%),

X:=H(2)NL}(2). X:=H(2)NIYR), Xo:=H\(2), Xo:=H))

endowed with natural Sobolev norms. Here, in addition to the standard (scalar and vector) spaces H!($2) and H(}(.Q), we
take

H(div“;g)::{mae (12(2))%, V.6:0in.(2}, 2(Q) = {q‘qeLZ(Q),/ qu:o},
2

HI(Q) = {¢> |6 € H(2), Ap € (), and %m: o} . OH!(2) = {¢|¢ € Hl(£2),and A € Lz(m},
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and define the norm in X (Xp) as
1
ot = (1915 + 14913) .

2. Steady-state visco-resistive MHD

In this paper, we consider cylindrical three-dimensional domains, 2 = 2 x[z9, 1], where 2 C R?is Lipschitz, bounded
and connected, which are coupled with a large incident magnetic field in the z-direction. To begin, we consider the one-fluid
visco-resistive MHD model, where the dependent variables are the fluid velocity i1, the hydrodynamic pressure p, and the
magnetic field B. The equations are

-

ou -
E—i—(u V)i—V (T +Ty)+Vp =F, (1)

3B 1 - -
——Vx(uxB)—l—VX(—VxB):G, (2)

at Ren,

V-u=0, (3)
V.B =0, (4)
where G = —V x Esm, and Esm is the static component of the electric field. The Newtonian and magnetic stress tensors

are
T —[Vii+Vii'], and Ty =B®B l|Ea|21
2Re ’ M= 20
respectively. We define the tensor B® B component-wise as (B® B);; = BiBjand F = (f, 0) € (H”(.(AZ))3 forf e (H*‘(Q))Z,
Ge (Lz((}))3. Additionally, we define the standard nondimensional Reynolds number, Re, and magnetic Reynolds number,
Rep,:
UL UL
Re = p—, Re;, = Ho ,
v n
for a characteristic velocity, U, and a characteristic length scale, L. The physical parameters, all assumed constant, are the
fluid viscosity v, the fluid density p, the magnetic permeability of free space 1o, and the magnetic resistivity 7.

Assuming that the domain is coupled with a large incident magnetic field in the z-direction, the resulting dynamics
decouple into a two-dimensional problem over §2 with simple behaviour in the z-direction. For the tokamak pictured in
Fig. 1, this is equivalent to assuming both a large incident magnetic field in the toroidal direction as well as a large aspect-
ratio, so that the curvature of the tokamak is negligible. Considering the resulting plasma behaviour over £ (the poloidal
cross-section of the tokamak), and assuming no variation in the z- (toroidal-) direction, we take B= (B1(x, y), B2(x,y), By)
and ﬁﬁ: (u1(x, y), uz(x, y), up). Then, we complete the above system with homogeneous boundary conditions on the velocity,
i = 0 on 32, and either perfect conductor or perfect insulator boundary conditions on B, B- 71 = OorB x ii = 0 on 942,
respectively, where n denotes the outward normal vector on 0£2.

Noting that V- B= 0, we must have = Bl +"B2 = 0, whichallows us to write B = V><A+(O 0, Bp), where A = (0,0, A(x, y)).

Consequently, we rewrite Egs. (1)-(4) in terms of the vector potential, A. Considering the continuum problem ( )-(4), direct
calculation shows that By and ug do not appear in the resulting equations for the other components of Band i and, so, we
ignore them (by treating them as zero) in what follows.

2.1. Weak formulation

We now introduce the weak formulation of (1)-(4) for the two-dimensional domain £2. Writingl.?i = V x A for vector
potential, A gives V - B=o0and Eq. (4) is automatically satisfied. Thus, we no longer include it in the formulation.
IfB e H! (£2), then a standard vector calculus identity gives

I . ..
v.(B®B—E|B|21)=(VX3)><B+(V~B)-B,

while the same equality holds in a weak sense (sufficient for what follows) if B e (L4(f2)) V.B e (Lz(fZ))3, and

VxBe (LZ(Q))3. If, additionally, V - B = 0 pointwise, then

.. 1.
V.(B®B— |B|21)—(V><B B.
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When A € X, taking B = (@ — 24 0) ensures that B e (L4(Q))3, V - B = 0 pointwise, and V x B € (122 )) giving

fV-(§®§—5|§|21)-VdX: /(VXﬁ)xé.vdx
2

o
A A A
:/(—AA-a—,—AA-a—,O)-VdX
o 0x ay
= —(zy _zo)/ AA - (VA-D)dX, (5)
2

forany V = (3, v3) € (H'(2))’, with 3 € (H'(2))".
Furthermore,

T
TM=B®B—5||B||I

iy ae _am 1| [0A\ | [0A) |
—i )G T ) 7o Gy ) Uk
1 [(%)2 _ (aAz)z] _ A 9Ar
2 ay ax ox ay
A, A, 1| (0472 ang \?
T ox T oy 2 (W) “\ oy
Taking C=Vx (0,0, ) for ¢ € X, then we can rewrite the weak formulation of (2), discarding the time derivative,

/:[—Vx(ﬁXE)'e—i—Vx(Re,;leE)'a]d)A(:/

Q Q

>

G- CdX,
das

f—(u1,u2)-VA~A¢dX+f Re;lAA-A(de:/EO-Ade,
2 2 2

where E? is the z-component of the electrostatic part, Estat, and we choose E° so that f o E%dX = 0. We drop the common
scaling of (z; —z) when switching from integrals over £ to those over £2. In the followmg, we denote il = (ui(x, y), ux(x, ¥)).

Note that with B = (0A/9y, —0A/0dx, 0), the perfect conductor boundary condition, B-i=0is implied by a homogeneous
Dirichlet boundary condition on A, as is included in the space Xo, while the perfect insulator boundary condition, B x i1 = 0,
is implied by a homogeneous Neumann boundary condition on A, as is included in the space X. In what follows, we state
weak formulations and results for the latter case, A € X (and, from Section 3 onwards, A € X) as proofs for this case are
slightly more technical than for A € X (or A € Xp). Where substantial differences occur between the two cases, we provide
remarks to clarify. With homogeneous Dirichlet boundary conditions on i and perfect insulator boundary conditions on A,
the weak form of (1)-(4) in two dimensions is : find i € W, A € X, p € Qsuch that

ay(i, D) + co(ll; U, D) + c1(A; D, A) + b(p, D) = (F, ), (6)
a:(A, @) — ci(A; 1, @) = (E°, Ag), (7)
b(q, @) = 0, (8)

forallv e W, ¢ € X, g € Q with Su = 3(Vu + Vu'), where

1
2

ai(d, 0) = Re”[ sa:vﬁdX:Re”/ St : St dX,
2 2

ax(¢, ¥) = Rey, f Ap - Ay dX,
2
b, ) = —f oV - B)dX,
2

oD 1, T) = 1/(a.V)a.adx_1/(w.V)a.adx,
2/, 2 ),

cai(y; 9, ¢) =/A¢-vw.ﬁdx.
2

Remark 2.1. Note that the natural trilinear form c(w; u, V) :
W € H(div°, £2), allowing the use of co(w; 1, ¥) here in place of ¢

fg(ﬁ) - V)u - vdX is skew-symmetric in (i, v) when

A

ol
:l
<l

=
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2.2. Properties of the weak formulation
In this section, we briefly analyse the weak form in Egs. (6)-(8), which we write as

Formulation 1. Find (i, p, A) € W x Q x X such that

Al, A; U, ) +C(U, A; 1, A; D, @) 4 B(p; 0, ¢) = L(D, 9), 9)
B(q; u,A) = 0, (10)
forall (v, q, ) € Wx QxX,
with
Al A; U, @) = ay(1l, D) + ax(A, @),
B(q; v, ¢) = b(q, V),
C(w, ¥ U, ¢ 0, 9) = co(w; U, V) + c1(y; T, p) — ca(¥r; U, @),
L(V, ¢) = (f,9) + (E°, Ag).
We define the product space W x X with the norm [|(9, ¢)||*:= ||T)||f + ||<p||§( and define the operator norm, ||£[|-:=

. LLG.0) i ;
SUP(G,0)(3.)elxX .oy - NeXt, we consider the properties of the forms .4, 5, and C.

Lemma 2.1. Forany (9, ¢), (w, ¥) € W x X, we have

,¢) > ¢, min{Re™", Re;, I(D, @)II?, (11)
, ) < max{2Re™", Re."}I(w, ¥)II- 1D, @Il

is a constant depending only on 2.

AV, ¢;
AW, r;
1

where ¢, <

v
v

Proof. Since (v, ¢) € W x X, we have

AV, ¢; 0, ¢) = Re™! /
2

= Re” || SUIIG + Rey, 'l Agll5
> BiRe'[|B]1% + BaRer [ ol%
> ¢, min{Re” ", Re,, }HI(D, @),

S0 : SV dx+/ Re,,'Ap - ApdX
2

\

where ¢, = min{8, B>}, B1 comes from Korn’s Inequality [6, Corollary 11.2.22], and 8, comes from an equivalent norm
argument [7]. This gives the coercivity of A.
For continuity,

AL, 3 9, 9) Re‘lf sa:sﬁdx+Re,;1/ AY - Ag dX
2 2

2Re™[[i]|11V]l1 + Re,' 1% lIxllellx
max({2Re™", Re,, (@, ¥)II-II(T, @),

IATA

via the Cauchy-Schwarz inequality. O

Remark 2.2. If ¢ € X;, then ||A(p||(2) > ﬂ2||(p||§(also holds. This is due to [8, Theorem 1.4.5] and the inequality, [l¢|l1 < l|@|ly3/2-

We state two Lemmas that follow directly from the standard Compact Imbedding Theorem for Sobolev spaces (see,
e.g., [9], Theorem I.1.2), showing the trilinear forms cq and c; are well defined.

Lemma 2.2. Ifi, v, w € (Hl((z))z, then

|co(w; 4, B)| < [[bllo,a - IViillo - 15llo,a < Collllr - Izl - 1911, (12)
where Cy is a constant depending only on 2.
Lemma23. Ify, ¢ € X(2)and ¥ € (H'(£2))*, then

lei(y; U, @) < IV lloa - 1410 - 10llo,a < 1Yl - 1Al - 10llo.a < Cill¥lix - plix - 19114, (13)

where C; is a constant depending only on 2.
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Proof. This is due to the fact that X is imbedded into H3/?(£2) [8, Theorem 1.5.4], and H3/?(£2) is imbedded into W14(£2)
(see[9]). O

Lemma 2.4. Forany w, i, v € Wand v, ¢, ¢ € X, the trilinear form C has the following properties

(i, ¥; 1, ¢; 0, @) < Cell(i, ¥)lI-N(E, D, @), (14)
where C, is a constant only depending on 2. Furthermore,
c(w, ¥; 0, 93 U, ) = 0. (15)

Proof. The continuity bound follows directly from inequalities (12) and (13). That C(w, ¥; v, ¢; v, ¢) = O follows directly
from its definition, and those of cp and c¢;. O
The form b(q, v) is continuous and satisfies the following inf-sup condition
b(q, v
inf sup fqil)) >I >0, (16)
0#£qeQ 0£TeW ||U||1 ”q“O

where I" is a constant depending only on §2 [9, Chapter 1.5.1].
The form B is obviously continuous:

1B(q; v, )l = Cligllollvlls < Cliglloll(v, @)II,
for all (v, q, ) € W x Q x X, with a constant C > 0. Furthermore, it inherits the inf-sup condition from b.

Lemma 2.5. There exists a constant I" > 0 depending only on £2, such that

B(q; v, @)
———— > I'llqllo,
(64,0)7&(5.(())EW><X |||(U, §0)|||
forallg € Q.
Proof. Since
B(q: v, ¢) = b(q, V),
we have
B(q; v, ¢) b(q, ¥)
sup —=—— > sup ——=— >|qlo- T,
(0,0)(3,0)eWx X liCv, @)l 0£veW lv]l1

where the last inequality follows directly from (16). O
2.3. Existence and uniqueness of solutions
From [9], we quote the main theorem that we will apply to this weak formulation.

Theorem 2.1 ([9], Theorem IV.1.3). Let V be a separable Hilbert space with the norm | - ||y, | be a linear functional in the dual
space V' and, for w € V, the mapping (u, v) — a(w; u, v) be a bilinear continuous form on V x V. Assume that the following
hold:

e the bilinear form a(w; v, v) is uniformly V-coercive with respect to w, i.e., there exists a constant « > 0 such that
a(w; v, v) > a||v||§, Yo, w e V.

e there exists a continuous and monotonically increasing function L : R, — R such that forall u > 0
la(wy; u, v) — a(wz; u, v)| < L)llullvlvllvllwr — wallv,
Yu,veV, wi,wyeS,={weV;|w|ly < ul

e the linear function | and « satisfy

v
o2
Then the problem: find u € V such that

LMy /e) < 1.

alu;u,v) =1v), YveV,

has a unique solution that satisfies the stability bound ||ully < o~y
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Theorem 2.2. Letf € (H *1(9))2 and E® € 12(£2), and assume that

Cell2ll-

: — <1, (17)
c2 min{Re=2, Re;;"}

where ¢, comes from (11), and C. comes from (14). Then, there exists a unique solution (i, p, A) in W x Q x X of Formulation 1.
Furthermore, we have the stability bounds

IZll-
¢, min{Re~1, Rey,'}

(@, A<
and

Ipllo < ™ [ufn1 +2Re” " []l1 + CollillF + cluAnﬂ,
where Cy comes from (12), and C; comes from (13).

Proof. We first apply Theorem 2.1 to Formulation 1 restricted to (i, A) € J x X, satisfying the constraint in Eq. (10). We
note that J x X is separable, since J is a closed subset of (H1(Q))2, X and Lé(Q) are isomorphic (see [7]), and (H](Q))2 and
Lﬁ(Q) are separable Hilbert Spaces.

For any (), ¥ ), define the mapping ((ii, ¢), (v, ¢)) — A1(w, ¥; UL, ¢, U, ¢), where

A, Y5 U, ¢, U, ) = AL, ¢; 9, @) + C(, ¥; U, §; U, 9).
From inequalities (11) and (15), we have

[ A (W, Y30, @5 D, @)= |AD, ¢; U, @) + C(W, ¥; D, ¢; U, @) = |AD, ¢; 7, ¢)]
> comin{Re™", Re,, YU, 9)II> Y(w, ¥), (v, @) € J x X.

Finally, linearity in the first argument of C and inequality (14) give

A (W1, Y13 U, @3 0, @) — Ag(wa, Y23 U, 3 U, @)
= [C(W1, Y13 1, @3 D, @) — C(W2, Y23 U, 3 D, @)
= [C(wy — W2, Y1 — Y2 U, p3 U, @)
< Cell(wn — wa, Y1 — Y2l @I, @I,
Y(W1, ¥1), (W2, ¥2), (U, ¢), (U, @) € J x X. In the notation of Theorem 2.1, this gives L() = C., where C. comes from (14).
Thus, by Theorem 2.1, assumption (17) proves existence of a unique solution to Formulation 1 restricted to J x X. Let

(1, A) € J x X be that unique solution, which satisfies the stability bound stated.
By the inf-sup condition in Eq. (16), there also exists a unique solution of the following problem: find p € Q such that

= L(, ¢) — A(l, A; ¥, ) — C(, A; U, A; 0, @),
(F. ) — an(ih, ) — co(ils 1, D) — 1(A; 5, A),
forallv € W\ J[9, Theorem IV.1.4].
From the inf-sup condition, we have
b(q, v)
Ilpllo < sup —=
dzvew NVl
(F, ) — (i, B) — coliis 1, B) — c1(A; 3, A)

=
=
<l
[
=
=
s
S
|

= sup =
0£VEW ol

Combining this with Egs. (12) and (13), we obtain the bound onp. O

Any conforming mixed finite-element discretization of (9) and (10) necessarily requires the use of higher-order-
conforming elements for A € X, such as Argyris triangle elements, or Bogner-Fox-Schmit elements [10]. By using the
antisymmetric form of ¢y in the weak formulation, existence and uniqueness of the solution to the discretized form of
Formulation 1 follows immediately, so long as an appropriate inf-sup stable finite-element pair is used for the velocity
and pressure unknowns. While these approximations have been thoroughly studied, particularly for fourth-order problems,
their use also poses some additional difficulties for implementation and efficient solution of the resulting linearized systems.
Thus, we next consider a modified approach using H'-conforming elements, following [4,5].
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3. Uncurled formulation of MHD

Introducing the vector potential into Eq. (2) leads to the bilinear form a,(¢, v), which requires higher- order conforming
elements for dlscretlzatlon Notice, however, that, in the steady-state case, Eq. (2) can be rewritten as V x (—1 x B—i—Re‘1 V x

B) = -V x Esm, which can be simplified into a first-order equation in B resultlng in a second-order equation in A. Using
this in place of (2), we derive an “uncurled” weak formulation: find (i, A) € W x X, p € Qsuch that

(i, §) + coli: & 9) + & (A 3, 4) + b(p. ) = (f, 6 (18)

WA, Y)+CA i, ) = (—E°, y), (19)

b(g. 1) = 0, (20)

forall (3, ¥) € W x X, g € Q where

(g, ¥) = Re,;]/ V¢ - Vi dX,

(1 0.4 ;=<< [ZA 39 _ 04 3¢] oA, 345)@>
y dy  0x 0x dx dy | ox
(ot 00 1foa ap oa v
ax ay 2| ax ax ay ay ay ’
Colo; U, ¥r) :=/ﬁ~V¢~1ﬁdX.
2

Note, we now integrate by parts on the stress tensor in (1), writing (V - TM, o = —(Tu, V0)o, since ci(¢, u, V) is
obviously ill-defined if Ay ¢ L?(£2). The corresponding term in (7) becomes C»(¢; i, 1) due to the “uncurling” of (2). This is
the formulation used in [4,5]; in [4], an inf-sup stable finite-element method pair is used for discretization of & and p, while
a stabilized pair was used in [5]. Neither of these papers considered theoretical analysis of this formulation, which we do
here.

The analysis below shows that, in contrast to the formulation considered above, this formulation does not directly yield
unique solutions under the classical theory. To address this, we consider analysis of the weak form at both the continuum
and discrete levels. We separately consider the well-posedness of the Newton linearizations in Section 4.

3.1. Mixed variational formulation

Extending the bilinear form 1 to act on X gives

B(q; U, ) = b(q, V),

where the only difference between B and 3 is that they act on X and )~( respectively. The mixed variational formulation in
(18)-(20) can then be rewritten as

Formulation 2. Find (i1, p,A) € W x Q x X such that
All, A; 0, ) + C(, A U, A; 0, ) + Blp; 0, ) = £(3, ¥), (21)

forall (v, W)eWxQwahere

; 0, ¥) = ai(t, 9) + @(A, ¥),

AU, Y) = Cg(* i, 9) 4+ Ci(¢; 0, A) + Cal g U, ),
Z(ﬁ’ Iﬁ) = <f7 U) <_ 71//>

For our later analysis, we note some properties of the terms in this formulation.

(

Al A
C(w, ¢; u, A

Lemma 3.1. Let ¢, A c H'(R2)and v € (Hl(.Q))z, then
I1C1(5 0, Al < Cllgll 11911111 VAl0,005

where C is a constant depending only on S2.

Lemma3.2. Let ¢, v € H'(R2)and 1 (H1(Q))2, then
(s 1, ¥l < lltlloa- IVAllo- ¥ lloa < Clltlls - @l - ¥,

where C is a constant depending only on 2.
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We define the product space W x X with the norm
1B, ¥)IF = 13113 + w113,

and consider ellipticity of A on this product space.

Lemma 3.3. Forany (9, ¢) € W x X, we have
AV, ¢: 9, ¢) = T min{Re™ ", Re;,"}(3, @)II7,
Alw, ¥; 9, ¢) < max{2Re™", Rey, "} (w0, )11 11D, @)ll1,

where G, < 1is a constant depending only on 2.

Proof. The proof follows that of Lemma 2.1, substituting the Poincaré inequality [6],
IVells = £llell;, Vo €X,

for the regularity argument used in the coercivity bound. O

Remark 3.1. For ¢ € io, the Poincaré inequality also gives the coercivity result.

The form B is again continuous:

|B(g: B, ¥l < CliglollBll1 < Collaloll(. ¥l (22)
forall (v,q, ¥) € W x Q x X, with a constant C, > 0, and inherits the inf-sup condition from b:

Lemma 3.4. There exists a constant I' > 0 depending only on $2 such that
Blg; v, ¥)

sub =~ = Tldllo, 23)
0.0)25.y)ewsx 10 ¥l

forallq € Q.

The form C no longer satisfies the desired zero property C(i, ¢; v, ¥; U, ¥) = 0. Also, €; is not obviously continuous in
H(£2). Consequently, classical results, such as Theorem 2.1, cannot be directly applied to establish existence and uniqueness
of solutions to Formulation 2. Instead, we tackle this question indirectly, leveraging the result given in Theorem 2.2 for
Formulation 1.

3.2. Relationship between solutions of the two formulations

Formulations 1 and 2 offer two weak formulations of the steady-state visco-resistive MHD problem, (1)-(4). A natural
question is whether the solutions of these two formulations are the same. While the spaces X, and X are the natural spaces
for the above analysis, additional regularity is needed to guarantee some equivalence between the two formulations (see
Remark 3.4). Note that if the boundary of §2 is C!'! or £2 is convex, then the space X coincides with H?(£2) up to boundary
conditions (and X, coincides with H2(§2) restricted to functions that satisfy a homogeneous Dirichlet boundary condition),
see, for example, [11]. In the following, we prove the equivalence of Formulations 1 and 2 under the assumption that £2 has
a C!! boundary.

Theorem 3.1. Assume that (i, p, A) € W x Q x X is a solution of Formulation 1, then (i1, p, A) is also a solution of Formulation 2.
Proof. Let (i1, p, A) € W x Q x X be a solution of Formulation 1. According to (5), the following equality holds
f AA-(VA-D)dX = —/(V~TM)~§dX:f Tu : VOdX, V0 eW. (24)
2 2 o)
Then, (6) is the same as (18). For any ¢ € X C I%(£2), there exists ¢ € X such that A = v (see [7, Lemma 2.1]). In (7),
/ —1-VA- Ag dX—i—/ Re,;lAA -ApdX = (E°, Ap), Vg eX,
2 2
taking Ag =  implies (19). So (1, p, A) is also a solution of Formulation 2. O
Remark 3.2. When ¢ € )~(0 [7, Lemma A.1] gives the existence of ¢ € X such that Ap = ¢ in £2.
Remark 3.3. Theorem 3.1 stands as an existence theorem for solutions to Formulation 2, since the unique solution to
Formulation 1 (under the assumptions of Theorem 2.2) is always a solution to Formulation 2. This holds as long as A €

W14(2), which is true since A € X. However, showing the converse result, that smooth-enough solutions of Formulation 2
are also solutions of Formulation 1 requires, to our knowledge, more regularity, as in the following result.
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Theorem 3.2. Assume that £2 has a C'"! boundary and (i, p, A) € W x Q x X is a solution of Formulation 2 and that this solution
is smooth enough such that A € H*(£2). Then, (1, p, A) is also a solution of Formulation 1.

Proof. Let (ii, p,A) € W x Q x X be a solution of Formulation 2. ForA € Xand 3 € (H(}(Q))Z, the following equality holds

fTM:VﬁdX:—/(V-TM)-T;dX:/AA~(VA~ﬁ)dX, Vi € W.
2 2 2

Then, (18) is the same as (6). Furthermore,
/[a-VA-erRe,jVA-vw]dx: —f EO. ydX, Vy eX,
2 2
can be rewritten as
/ VA - VydX = —Rem/ (E°+1i-VA) -y dX, V¢ eX.
2 Q

Since [, E°dX = 0and [, ii- VAdX = — [,(V - W)AdX + [, (i - )AdX = 0, we have [,,(E° + ii - VA)dX = 0. Using the
results of Proposition 1.2 of [9], the weak form of finding w € X such that

/ Vw - VyrdX = / —Ren(E +1-VA) -y dX, Vy eX, (25)
2 2
has a unique solution, and if w € H?(£2), then it is the strong solution of the Neumann problem,
—Aw = —Ren(E°+1-VA), in$2,
= 0, ondge, (26)
JowdX = 0.

Since £2 hasa C!" boundary, X = {¢ € H*(2)NL4(R2) | g—‘g = 0} [11]. Since A € H?(£2), from Proposition 1.2 of [9], we have

that (26) has a unique solution, w € H?(£2), which is given by w = A, implying that —ii - VA + Re,,' AA = E%. For ¢ € X,
multiplying both sides by A¢ and integrating yields (7). So (i1, p, A) is also a solution of Formulation 1. O

Remark 3.4. Inorder to guarantee the solution of (25) is the solution of (26), extra smoothness is needed, that is, w € H%(£2)
(i.e., A € H%(2)), which is guaranteed when £2 has a C""! boundary.

Remark 3.5. Using the Lax-Milgram Lemma, problem (25) considered over H(}(.Q), has one and only one solution, w €
H(£2). By Theorem 1.8 of [9], if w € H?(£2), then it is the strong solution of the corresponding Dirichlet problem. Thus,
Theorem 3.2 also applies in the case when A € Xy and £2 has a C!'! boundary.

Theorem 3.3. Assume that £2 has a C'1 boundary and that (17) holds. Then, Formulation 2 has at least one solution
(i, p,A) € W x Q x X, which is the unique solution of Formulation 1. Furthermore, if all of the solutions of Formulation 2
satisfy (11, p, A) € W x Q x X, then Formulation 1 and Formulation 2 have the same solution, and the solution is unique.

Proof. Since (17) holds, Theorem 2.2 states that Formulation 1 has a unique solution (i, p, A). According to Theorem 3.1,
(1, p, A) is also a solution of Formulation 2.

IfA € X, Theorem 3.2 states that the solution (i, p, A) of Formulation 2 is also a solution of Formulation 1. However, since
(17) holds, Formulation 1 has only one solution. This means that Formulation 2 has only one solution. O

3.3. Finite-element discretization

In this subsection, we introduce a mixed finite-element approximation of the uncurled formulation and discuss the
convergence rates that are obtained under some standard smoothness assumptions.

Let 7, be a quasi-uniform family of subdivisions that partition §2 into triangles or quadrilaterals, K, with diameters
bounded by h [9, Chapter |, Definitions A.2]. Based on these meshes, we construct a series of finite-element spaces satisfying

W, CW. X, CX.QCQ

The discretization of Formulation 2 can be written as

Formulation 3. Find (i, pn, An) € Wy, x Qy x Xy, such that

Altin, Ap; 0, W) + Clin, An; T, A; 0, ) + Blpn; v, ¥) = L(©, ¥),
B(g; un, Ap) = 0,

forall (v, q,¥) € Wy x Qy X Xp.



486 J.H. Adler, Y. He, X. Hu et al. / Computers and Mathematics with Applications 77 (2019) 476-493
In the following, we assume that Formulation 3 has a unique solution. We consider the 2D problem and assume that the
solution A € H**1(£2), s > 1, then we have
VAllo,00 < GallVAls < CallAlls11, s> 1. (27)
More details can be found in [ 12, Theorem IV4.12].
Theorem 3.4. Assume that (17) holds and that (i, A) is the solution of Formulation 2 with ii € (H1(.Q))2 and A € H(2) for

s > 1. Let Ty, be given, and assume that (i, Ay) is the solution of Formulation 3 satisfying ||tin||1 + || VAnllo.co < dp, where dy is a
constant depending on Ty, or h. Then,

(% — tn, A —Ap)llh < C ( inf  ||(@—9,A—y)lls + inf |p— q||o> ,
(0,9 )eWp xXp q€Qp

with a constant C > 0, depending on dp,, and sufficiently small values of Re and Re,,.

Proof. Subtracting the first line of Formulation 3 from (21), we have

Al — T, A — Ap; 0, ¥) + C(U — Uip, A — Ap; U, A; U, ¥) + C(Un, A U — Uip, A — Ap; 0, %) + B(p — p; 0, ) = 0, (28)
for all (v, ¥) € Wy, x Xp.

From (28), for any v such that b(q, v) = 0 for all ¢ € Qy, we have
A — Up, ¥ — An; U — U, ¥ — Ap) + C(O — Un, ¥ — Ap; U, A; D — Ui, ¥ — Ap)
Cltip, Ap; 0 — tip, ¥ — Ap; U — Up, ¥ — Ap)
= AB —t, ¢ — AT — i, ¥ — Ap) +C(0 — U, — AT, A; U — Uiy, ¥ — An)
+ Clin, An; U — U, ¥ — A; O — U, ¥ — Ap) — B(p — pn; 0 — Un, ¥ — Ap), (29)
For such a v, we also have
B(p —pn; 0 — tn, ¥ — An) = B(p — @; 0 — U, ¥ — An), (30)
forallq € Q.

From (29) and (30), we have the estimate

-

r.hsof (29) < [|(V —tp, ¥ —Ah)||1[max{2Re_l, Re,"}I(D — i, ¥ — A)llx
+CIE = 8,9 = Al (1l + CallAll )
+CIE =, 9 = Al ([l + VAo, ) + Collp — allo]
< Gl = i,y = Al (I = 5.4 = )l + Ip — dll ). (31)

where C; = max{2Re™!, Re,, !} + 2C - max ! [|ii]l1 + CallAlls+1.2, 1tnll1 + IIVAhllo,oo} + Cp, C4 comes from (27), and C, comes

from (22). Since (i, A) is the solution of the continuous problem and i € H(£2) and A € H**'(£2), then ||ii]l; + CallAlls+1.2
can be bounded by some constant. By assumption, so can ||t |1 + || VAnlo.c0-
Similarly,

Lh.s of (29) > T, min{Re™ ", Re,,'} - [|(D — Tp, ¥ — Ap)||?
— Il = T, ¥ — AT - (Ill1 + 1Alls41.2)
— CII(¥ — T, ¥ — AT - (ltdnll + I VARll0.00)
> QD — tin, ¥ — An)II3, (32)

where G, = ¢, min{Re~!, Re;,'} — 2C - max{ lill1 + CallAllss1.2, ltnll1 + | VA, ||0.oo} and €, comes from Lemma 3.3. Here, we

assume that ¢, min{Re~!, Re;!} is large enough such that ¢; > %‘Y min{Re~!, Re.!}.

According to (31) and (32), we have the following estimate

(D — Ui, ¥ — Ap)ll1 < C(II(ﬁ —0,A=Y)lli+llp - LII|0>,
where C = C;/C. Furthermore,

(1@ = 5. A= W)l + 165 = T, v = Al )
ClE = 5,4 = Yl + Clp = qlo.

(@ — tn, A — Ap)lls

IA

IA
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Now, let ¥ € W}, be arbitrary and take w € W}, to be a solution of
b(q, w) = b(q,u — V), Vq € Q.
Since b satisfies an inf-sup condition and a continuity condition, then there exists a solution to this problem such that
ol < Clit — v,
and such that b(q, w + v) = 0 for all ¢ € Qy. By the triangle inequality and using the result above, we then have
It — tip, A = Al < ClI(G — (@ + ), A —¥)lli + Cllp — qllo

< Cli@ = v,A =)l + Cllwll + Cllp = gllo
< ClE=0,A=¥)li +Clp—qlo. O

Remark 3.6. In Theorem 3.4, the constant d;, may depend on 7, or h. However, for problems with sufficiently smooth
solutions, such as the Hartmann flow problem in Section 5, it is reasonable to expect to bound dj, independently of 7, and h.
To give a more precise definition of our finite-element approximations, define, on an element i,

Py(K) := the space of polynomials of degree < ¢,
and let c°(£2) denote the standard space of continuous functions on 2. The finite-element spaces are defined as

Wi, = {Ty € C%R2) : Thlce (Pea)?, VK € Thl,

Q = {gn € C%(2): qulce P, VK € Thl,

Xy = {yn € C%2) : Ynlc€ Peyr. VK € Th},

where ¢ > 1. In what follows, we make standard approximation assumptions for generalized Taylor-Hood mixed finite-
elements on either triangular or quadrilateral elements in 2D [ 13, Proposition 8.2.2] as well as for the scalar space Xj.

Assumption 1. Let £ > 1, s > 1. Assume that

Jinf ||E— Byl + inf [P — qallo < CR™™ Y [Jlullsyr + Ip1l5],
vpEWp qn€Qn

for all (i, p) € H¥T1(£2)? x H*(£2) and that

inf A= yull; < Ch™SFU A6y,
YheXp
forall A e H*1(2).

Corollary 3.1. Let (i, Ay) € Wy x X; be the finite-element approximation in Formulation 3. Under the assumptions of
Theorem 3.4 and Assumption 1, we have the error bound

16 = i, A = Al < CH™ 4D il + Il + Al -
4. Newton’s method

Since the weak formulation in (18)-(20) is nonlinear, we use Newton's method to derive a linearized system. As expected,
the discrete form leads to a saddle-point problem [14,15]. Here, we focus on the linearization steps and show that the
resulting systems are well-posed.

4.1. Newton linearizations

Let S = W x X with the norm W2 = [I9]12 + |y |12 forall W = (v, ¢) € S. For convenience, we denote the solutions
of Formulations 2 and 3 as (U*, p*), (U}, py,), respectively.
For U = (i1, A), W = (¥, ) € S, define the following operators:

-

£4(, A, p)B] = ay(ii. ) + b(p, ) + coliis i, D) + &1 (A: . A) — (f, ),
Lo(U, A, p)Y] = WA, ¥) + CoA: 1L, ¥) + (E°, ),
£3(, A, p)lq] = —b(q, ).

Problem (18)-(20) is equivalent to
£4(i, A, p)[v] = 0, YU e W, (33)
Lo ApIY] =0, Vi eX (34)
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53(E,A’p)[‘” = 07 Vq € Q

Since the variational system contains nonlinearities in both (33) and (34), we linearize the above forms. Let 1y, Ay, px be the
current approximations for 1, A, p, respectively and 8ty = Uy, — Uy, 8A = A1 — Ay, 8p = Pry1 — Pi be the update to the
approximations, then the linear systems that arise within Newton’s method are denoted

Lii L1a ELP Su L1
Lyi Laa O Al =—|La]|,
,C3,a 0 0 Bp L3
where each of the system components is evaluated at iy, Ay, px. That is
ay om0 - e pom - oo o e o o s o
Lyg[v]-du = @(Ll(uk’Ak’ plvDIdu] = a1(8u, v) + co(uy; Su, v) + co(Su; Uy, v),
- el - - N -
Ly alv]-6A = ﬁ(cl(ukﬂqk’ PVDISA] = a(Ak; v, JA),
- a - - -
Liplv]-ép = @(cl(uk,Ak,pk)[v])[Sp] = b(ép, v),
- il - - ~ -
Loaly]-du = ﬁ(ﬁz(uk,Abpk)[W])[Su] = C(Ax; du, ),

d R ~ ~ R
Loal¥]-0A = M(l:Z(uk,Ak,pk)[w])[SA] = (A, ¥) + C2(8A; U, ¥r),

- a - - -
L3zlq] - du = ﬁ(ﬁa(uk,Ak,pk)[q])[ﬁu] = b(q, ou),

where
A - 0A, 0A 0Ar 0A 0Ar 0A 0A 0A v
a(Ag; v, A) = ’(.7_71‘.7,_71‘,7_’_7 7%k ,l
dy dy 9x  ox ax dy  ox ay |) ax/,

+ JA, 0A + 0A 0Ac] 0A, 0A  9Ar 0A\ 3V
dx dy ox ay | ox ox 3y ay) ay/,

Define the following forms:

AUy; U, W) = G(Ar; 0, A) + a1(Tl, D) 4+ Ta(A, ¥) + coltlis U, 9) + co(ll; Uy, D) + Co(Ars U, %) + CoA; Uiy, ),
B(W, q) = b(q, V),

F(U, pi; W) == L(V, ) — Alily, Ax; 0, ) — Cliy, Ax; Ui, Ax; 0, %) — B(pi; 0, %),
G(Uk; q) == —B(Uy, q).

For Newton’s method applied in a linearize-then-discretize formulation, we consider the finite-element spaces S, =
W, x X C Sand Q, C Q. Given an approximation, (Up k, Pn.k) € Sk X Qp, the discrete Newton update is given by

Formulation 4. Find (8Uy, §pn) € Sy x Qy, such that
A(Up,k; 8Up, Wy) + B(Wh, 8pi) = F(Unk, Pnk; Wh), (35)
B(8Un, qn) = G(Un,k; qn), (36)
for all (Wy, qn) € Sp x Qu. Let Up k1 = Upk + 8Up, Phk+1 = Phk + Spn.

For simplicity, throughout the remainder of this section, we drop the subscript h. Since we consider finite-element
approximations i, and Ay, we denote Coup = SUP(xy)c2 [V, Dsyp = SUP(x y)eq | VAl, and Mgyp = supyy e |tix|, and note
that they are all finite quantities.

Remark 4.1. Assuming Newton’s method is convergent, the approximation on 7, converges to the true discrete solution as
k — oo, so these constants, Csp, Dsyp, and My,p, stay well-behaved under assumptions on the solution.

Lemma 4.1. 2(Uy; U, W) and B(W, q) are continuous on Sy and Qy, for the norms || - ||; and | - |lo-

Proof. For the continuity of A(Uy; U, W), observe that
12Uk U, W)| < |a(Ag; 0, A) + ay (1L, 9) + a(A, %) + co(tiys U, 0) + Co(th; Ty, V) 4+ Co(Ars U, ¥) + Co(As U, ¥l
Next, consider the above summands separately. First, note that

|a(Ax; U, A)| < 2Dgyp [ VAllo [ VU lo-
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Recalling the definitions of the rest of these terms, we obtain the following estimates
lay (12, D) < CR;M[[adll1[1D4,
(@A, ¥)| < Rey,' Al ¥,

M, R - >
% (I¥illoliollo + litllol V¥ llo) ,

s 5 1 a0 > N
lco(us g, V)| < 3 (CaupllEillolIBllo + MauplltillolI Vo)
|E2(AI<; fh 1/’)' = Dsup”a”O”\/f”O,

[Ca(As U, Y1)l < Maupll VAlloll¥ llo-
An application of the Cauchy-Schwarz inequality shows that

|2A(Ui: U, W) < CIUI W ]l5,

|co(tiy; 4, )| <

where C is a constant depending on Cp, Dgyp, Msyp, Re and Rep,.
Continuity of B(W, q) holds by standard arguments. O

Lemma 4.2. F(Uy, px; W) and G(Uy; q) are bounded linear functionals on S, and Qy, respectively.

Proof. The components of F(Uy, px; W) can be bounded as in the proof of Lemma 4.1. Since, additionally,

KE®, ¥)ol < IIE®lloll llo,
IF, 0 < IFI-aliDlhss

and b(q, v) is continuous, we have
[F(Uk, pr; W)| < ClIW|4,

where C is a constant only depending on the norms of Uy and py.
By Holder’s inequality, we have

IG(Uk; @)l = |=B(Uk, @) < IUkll1llqllo,
implying that G(Uy; q) is bounded. O

To illustrate the existence and uniqueness of solutions to the system given by (35) and (36), we now give conditions
under which A(Uy; U, W) is a coercive and continuous bilinear form. When B(W, q) is continuous and weakly coercive in
the chosen finite-element spaces, existence and uniqueness of solutions to the discretized Newton linearization is automatic.

Theorem 4.1. Let Re and Rey,, be small enough such that
_ 2Gaup + 6Dsup + 5Mayp
4

where ay, a; are constants defined below, and Csyp, Dgyp, and Mgy, are as given above. Then, there exists a constant y > 0
depending on Uy, and $2 such that

min[alRe_l, azRe,;l} >0,

AU W, W) 2y W37, VYW €S (37)

Proof. By standard arguments,
(VU + V', Vi)o > a1[[U]l], VD € Wy,

where «; is a constant depending only on 2 (see [6], Corollary 11.2.22) and
(V. Vi)o = 2| W I}, VY € Xy,

where a;, depends only on §2 (see the Poincaré inequality [6]).
The remaining terms in 2I(Uy; W, W) can be bounded as in the proof of Lemma 4.1, giving

AUi; W, W) = arRe™ |91 + aaRe, 1117 — 2Dsup V¥ lloI Vo
Msup - - N
> IVllolIVUllo — Dsupllvllo 1Y llo — Msup IV 1l ¥ llo

2Csup + 6Dgyp + SMsyp
4

Csup

> > )
— Msupllvlloll Vllo — vl —

v

min{e Re™ ", azRe,, ' W5 —

(y1 — v)IWI,
where y; = min{o1Re™, azRe; '}, 2 = (2Csyp + 6Dgyp + 5Myyp)/4. Let y = y1 — v > 0. Thus, A(Uy; W, W) is coercive. O

2
Wi
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Remark 4.2. Since the Poincaré inequality applies for ¥ € ;(o the coercivity bound will also hold for the appropriate
finite-element space in the case of perfect conductor boundary conditions.

Assumption 2. There exists a constant Iy > 0 depending on £2 such that
b(q, v
inf L >

= > T > 0. (38)
02qeQy ovew,, V1111110

Remark 4.3. The major difference between (23) and (38) is that the inf-sup condition must be satisfied on the discrete
space. There is, however, no restriction on the discrete space chosen to approximate A. Choosing a pair of spaces for which
the discrete inf-sup condition (38) holds is well-known to be a delicate matter, and seemingly natural choices of velocity
and pressure approximation do not always work [ 16]. For example, the simplest globally continuous approximations, using
linear or bilinear elements for both velocity and pressure on triangles or quadrilaterals, respectively (the so-called P; —P; and
Q: — Q; approximations), are unstable. In general, care must be taken to make the velocity space rich enough compared to
the pressure space, otherwise the discrete solution will be “over-constrained”. Any stable element pair for the Navier-Stokes
equations (e.g., P, — P; or Q; — Q; Taylor-Hood elements) can be used for i and p (see [9,13,16,17]) to satisfy (38).

Theorem 4.2. Under the assumptions of Theorem 4.1 and Assumption 2, there is a unique solution to Formulation 4.
Proof. Following Theorem 1.2 of [9, Chapter III], Lemmas 4.1 and 4.2, and Theorem 4.1 prove the result. O
4.2. Solvability of stabilized discretizations

In this subsection, we give a solvability condition for stabilized finite-element methods, since our analysis is also suitable
for this setting. From Formulation 4, the matrix equations that result from a stabilized finite-element discretization have the
following block form:

K Z B Xii T
Mx=|Y D 0 [m} = [h} , (39)
B" 0 —T|[x fp

where X;, x4, and x,, are the discrete Newton corrections for i1, A, and p, respectively, and {3, f4, and fp are the corresponding
blocks of the residual, while T is the stabilization term.
Let

- [k z] 5 [B] . _[x] . [
i I RS AR

Then, Eq. (39) can be rewritten as

K B Xz fa
Mx =4 Ul =14, 40
M 0
where K R™" Be R™m fz € R", f, e R"andm < n.

Lemma 4.3. Under the assumptions of Theorem 4.1, K is positive definite.

Proof. This is a consequence of (37). O

With homogeneous Dirichlet boundary conditions on v € W, b(p, v) = 0 for all v € W implies that the pressure, p, is
a constant. When using a nodal finite-element basis, Span{1} C Ker(B) is a natural consequence of this. If the two spaces
are equal, the resulting pressure is unique up to constants. When a discrete inf-sup condition (as in (38)) does not hold,
Ker(B) # Span{1}. However, we have the following condition that guarantees the solvability of the stabilized method, and
gives insight into the construction of T.

Theorem 4.3. Under the assumptions of Theorem 4.1, let S = —(T + éﬁ(‘”@) be the Schur complement of K in M, with T
symmetric and positive semidefinite. If Ker(T) N Ker(B) C Span{1}, then Ker(S) C Span{1}.

Proof. Since K is positive definite, K~! is also positive definite. This implies that p” B"TK~1Bp > 0 with equality if and only if
Bp = 0. On the other hand, because T is symmetric positive semidefinite, Ker(S) = Ker(T) N Ker(B). O

This theorem tells us that (40) is well-posed if the stabilized pressure Schur Complement, S, is a positive semi-definite
matrix with the following stability condition:

Ker(S) C Span{1}.
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The important consequence of Theorem 4.3 is that any stabilization approach that is suitable for the Stokes equations is
also suitable in this context, since K does not enter the intersecting kernels condition. In particular, standard approaches for
equal-order Q; — Q; approximations of velocity and pressure can be used, including diffusion stabilization and pressure-
projection [16,18]. Thus, the analysis above can be applied to discretization approaches similar to those in [5], which uses
diffusion-type stabilization of the pressure equation (although we note that [5] also makes use of additional stabilization for
the case when the Reynolds numbers are not small, which is not considered here). Based on the above discussions, we give
the natural result.

Theorem 4.4. Under the assumptions of Theorem 4.3, the stabilized discrete Newton approximation of Formulation 3 yields a
unique solution with a pressure that is unique up to constants.

We note here that, for both the stable and stabilized cases, the assumptions of Theorem 4.1 could be relaxed with the use
of appropriate stabilized finite-elements for the convection-diffusion parts of the weak form, as was done in [5]. The general
conclusions of Theorems 4.2 and 4.4 would naturally still hold in this case, notably that any standard mixed finite-element
space for Stokes or Navier-Stokes can be used for the velocity and pressures, and an independent choice can be made for the
potential, A.

4.3. Solvability of Newton Linearizations

Finally, under much more restrictive assumptions, we show that the Newton linearizations are always solvable in a
neighbourhood of a discrete solution, by proving coercivity of 2(U; W, W). While this is not sufficient to guarantee that
Newton’s method converges to the solution, it strongly suggests such a result, given the usual expectation of locally quadratic
convergence of Newton’s method.

Define ||U||1.00 := Max{[|ii]l1.c0, |All1.00} and D(U; r) = {W : |W — U||; < r} and assume the following.

Assumption 3. Assume the conditions of Corollary 3.1 hold; furthermore, assume the solution U; of Formulation 3 satisfies

Y1
iy = Uplleo < 2

1

where y; = min{a;Re™!, apRe; '} is from Theorem 4.1.

Theorem 4.5. There exists r > 0 such that A(U; W, W) is always coercive for any U € D(Uy'; ).

Proof. Recalling constants y, ¥, from the proof of Theorem 4.1,

¥2 = (2Csup + 6Dsup + SMsup)/4 < 4 - max{Coup, Dsup, Msup} < 4l Uil|1.00,
gives

AU W, W) > (1 = 41 Uelh,0) W3

Thus, if [|Uy[l1,00 < % then 2(Uy; W, W) is coercive.
According to the standard inverse inequality [6, Theorem IV.5.11],
Uz ll1.00 < C*h™ UK,

where C* is a constant. By the triangle inequality, for any r and W € D(U;'; r) N Sp,, we have

IUll1.00 < U100 + IU = Upll.00
<k +Ch7U - Uil
<« + C*h~'r.
Taking r = w, A(U; W, W)is, thus, coercive if U € D(Uy; r). O

5. Numerical results

To demonstrate both the finite-element convergence and performance of Newton’s method for this formulation, we
. . 2 . . . .
consider the Hartmann flow test problem on the domain [—3, 5]". For this problem, we have an analytical solution, given
by i = (u;, 0) and B = (B1, B;) with

3 1 Re ; cosh(yHa)
)= S anh(har2) | Re \'  cosh(Ha2))

sinh(yHa)
B = —
1x.y) 2 sinh(Ha/2) v
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Fig. 2. H' approximation error, (Hﬁ — TUpll% + |A — Ay \ﬁ)l/z, for finite-element solution of Hartmann test problem on uniform quadrilateral meshes with
meshwidth h. At left, error for approximation with velocities and potential in Q, and pressure in Qy, at right, error for approximation with velocities and
potential in Q3 and pressure in Q5.

By(x,y) =1,
1
P(x.y) ==X =2 (Bi(x, ),

where the Hartmann number is given by Ha = +/ReRe,,. Increasing Ha leads to increased coupling between the velocity
and magnetic field components of the solution, which is seen in [4] to lead to difficulties with some preconditioners
for the discretized and linearized equations. In the numerical results that follow, we fix Re = Re,, = Ha. From this
expression, we compute A(x, y) such that B(x, y) = % and By(x,y) = —%. For this solution, we have non-homogeneous

conductor boundary conditions on B, which we implement with suitable non-homogeneous Dirichlet boundary conditions
onA(x, y).

Fig. 2 shows finite-element convergence for this problem with varying Ha and mesh-size h. We solve the problem using a
linearize-then-discretize formulation, starting from an initial guess that matches the non-homogeneous Dirichlet boundary
conditions, but is zero for all variables inside the domain. The discretization is done in deal.ll [ 19,20], with each linearization
solved using a direct solver (UMFPACK [21]), and the nonlinear iteration stopped when the vector £2-norm, scaled by the
mesh-size h, of the nonlinear residual or that of the Newton update is less than 1078, These results are presented in the setting
of Corollary 3.1, using (generalized) Taylor-Hood elements for the velocity and pressure, and matching the degree of the
velocity space for the potential. The numerical results presented here agree quite well with Corollary 3.1, with O(h?) errors
observed for approximation of velocities and potential in Q, and pressure in Q; and ©(h?) errors observed for approximation
with velocities and potential in Q3 and pressure in Q,. For the range of Hartmann numbers considered in these figures, no
difficulties are seen with convergence either of the nonlinear iteration or the finite-element approximations; convergence
is seen within 4 to 7 Newton steps for all Hartmann numbers and all meshes. For larger Hartmann numbers, we did observe
convergence issues with Newton’s method.

6. Conclusions

In this paper, we present a theoretical analysis of the weak formulations of a steady-state visco-resistive vector-potential
MHD formulation. Under certain conditions, we prove the uniqueness and existence of the solutions. Furthermore, we show
that the solutions of the curled and uncurled formulations are the same, under some conditions. From this point of view,
using the uncurled formulation to approximate the MHD problem is reasonable and meaningful. A mixed finite-element
approximation of the uncurled formulation is discussed. The convergence rates obtained under some standard smoothness
assumptions have been analysed, and we show that it is a suitable option. Thus, using Newton stepping and a stable Stokes
finite-element method pair plus any space for A yields a suitable solution scheme for two-dimensional MHD.
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