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1. Introduction

The weak Galerkin (WG) method [1-3] takes a system of equations (usually first-order partial differential equations
(PDEs)) and approximates the differential operators by a weakly-defined derivative in the distribution sense. A WG
formulation is derived by replacing the usual derivatives with these weak ones and, as a result, allows for a variety of
problems to be solved on general and non-conforming meshes. WG methods provide robust and stable discretizations for
various problems, including Stokes’ equations [4,5], the Brinkman equations [6], locking-free schemes for linear elasticity [7],
and poroelasticity [8], to name a few. Recently, in [9], a least-squares version of the WG method was developed, which
uses discontinuous approximating functions on mixed finite-element partitions consisting of arbitrary polygon/polyhedron
shapes.

The first-order system least-squares finite-element approach [10,11], on the other hand, takes a system of first-order
PDEs and minimizes the residuals in a least-squares sense to obtain their weak formulations. Advantages of the least-squares
finite-element method are that the resulting linear systems are symmetric and positive definite and, thus, iterative solution
techniques such as multigrid have successfully been applied to solve them (e.g.[12,10,11,13-21]). Another advantage of the
least-squares approach is the natural sharp and reliable a posterior error estimate that arises. To illustrate this, consider a
first-order system of (linear) PDEs,

-
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and define the least-squares functional,
g(ii; f) = llcii — fl.

In order to show well-posedness, this functional is proven to be elliptic with respect to the functional space of interest (most
often H'),

collully <6(U; 0) < cilluly Ve,

including at the discrete level. As a result, the functional itself is the a posteriori error estimator and can be utilized in an
adaptive refinement scheme.

Adaptive refinement schemes have been used extensively to approximate solutions of PDEs containing local features
[22-28]. The approach is simple,

SOLVE — ESTIMATE — MARK — REFINE, (1)

where the a posteriori error estimate is used to Estimate the error in the solution. Then, a certain percentage of the elements
that contain the highest amount of approximate error are Marked for refinement. Other approaches can be used that optimize
the marking portion of the algorithm taking into account both the sharpness and reliability of the estimator [29].

While the WG least-squares (WG-LS) approach can increase the flexibility of a least-squares method by making it
applicable to a wide range of PDEs that are discretized on non-conforming or non-standard meshes, the natural a posteriori
error estimator might be lost, since the discretization is no longer a direct result of a minimization problem. However, the
goal of this paper is to show that such an a posteriori error estimator is obtained, allowing us to design an adaptive WG-LS
method.

Consider the model problem satisfying

-V -(AVu)+cu =f, in 2, (2)
u=g, onas, (3)

where ¢ > 0is a function on £2, which is a polytopal domain in R? (polygonal or polyhedral domain for d = 2,3), Vu denotes
the gradient of the function u, and the tensor A is uniformly symmetric positive-definite. This PDE (2)-(3) has a wide range of
applications. For example, Darcy’s Law models the flow and transport in porous media, and A is then the permeability of the
medium. The solution of the model problem (2) and (3) may have large derivatives or singularities due to the diffusion tensor
A, the domain 2, and/or the right-hand side f, which makes it difficult to approximate using uniform meshes. An extremely
small global mesh size is usually required in order to resolve the local singularities and, hence, standard finite-element
methods cannot achieve optimal convergence on these meshes. On the other hand, adaptive schemes refine locally near the
singularities allowing for more efficiency of the overall method.

In [30], a reliable and efficient a posteriori error estimate for the standard WG finite-element method applied to the
model problem (2) and (3) was derived based on a residual-type a posteriori error estimator. In this work, we propose a
similar but different a posteriori error estimator for the WG-LS problem applied to (2)-(3), and prove that it gives both a
lower and an upper bound on the true errors. This implies that the error estimator is reliable and efficient. Then, we design
an adaptive WG-LS algorithm based on the a posteriori error estimator. Due to the nature of WG, this adaptive algorithm
works on general polygonal meshes and, thus, adaptive refinement is done in a straightforward way. We note that adaptive
algorithms on polygonal meshes can also be done based on discontinuous Galerkin finite-element methods, see [31]. Using
our approach with a WG scheme, in comparison however, there is no need for the handling of hanging nodes.

This paper is organized as follows. In Section 2, we give a brief background on the WG-LS approach applied to the model
problem above. In Section 3, we define and prove the a posteriori error estimate for the model problem, and then use this to
describe an adaptive algorithm based on WG-LS in Section 4. We give several examples showing the performance of adaptive
refinement with the WG-LS approach in Section 5 and, finally, a brief discussion of the results is given in Section 6.

2. The Weak Galerkin Least-Squares method

First, we recall the WG-LS method developed in [9] for solving the model problem (2)-(3). The WG-LS method follows
the WG principles, but applies a least-squares finite-element approach to the first-order mixed form of (2)-(3):

q+AVu=0, in 2 (4)
V-q+cu=f, in2 (5)
u=g, onds. (6)

Let 7, be a partition of a domain £2 consisting of polygons in two dimensions or polyhedra in three dimensions, satisfying
a set of conditions specified in [3]. Denote by &, the set of all edges or flat faces in 73, and let 8,? = &,\052 be the set of
all interior edges or flat faces. Let I}, be the subset of &, of all edges on I". For every element T € 7, we denote by hy its
diameter and mesh size h = maxyc7; hr for 7;. For convenience, we introduce a set of normal directions on &, as follows,

Dy = {n, : N, is unit and normal toe, e € &,}. (7)
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Next, we introduce two WG finite-element spaces, V, and X, for u and q, respectively,

Vi = {v = {vo, vp} : volr€ Pey1(T), vplor € Pry1(9T)}

Ty = {o = {00, 03} : 6olr€ [PUT)I’, oble= opMe, 0pc€ Pile), e € OT}.

In addition, we define V,? Cc Vyas V,? ={veVy: vp=00n082}.Foro = {09, 0p} € X}, the weak divergence V,,-o € Py(T)
is defined on each element T,

(Vy -0, v)r = —(00, VU)r + {0b - M, v)pr, Vv € P(T). (8)
where (-, -)r denotes the L? inner product defined on element T and (-, -) denotes the duality pair defined on dT. For
v = {vg, vp} € Vi, the weak gradient V,,v € [Py(T)]¢ is defined on each element T by

(Vo, T)r = —(vo. V- T)r + (vp, T-mar, VT € [P(T)]". (9)

With these definitions, then, the WG-LS scheme, for the model problem (2)-(3), seeks u, = {ug,up} € V4 and
qQn = {qo, Q) € ), such that u, = Q,g (the L% projection from L*(e) to Py, 1(e) of g on 9£2) and,

a(up, qu; v, 0) = (f, Vi -0 +cvg) Y(v,0) €V x X (10)
Here, a(w, T; v, 0) = ZTGTh ar(w, T; v, o) with

ar(w, T;v,0) = (Vy - T+ cwp, Vy -0+ Co)r

+ (70 +AVyw, 09 +AVyV)r + s r(w, v) + $2.1(7, 0),
si,r(w, v) = hy (wo — wy, vo — Vp)ars
S2,1(T, 0) = hr{(to — ) - M, (00 — 0p) - Myr.

Optimal error estimates for the WG-LS scheme (10) are then derived, considering the following norms in V, and X},
respectively,

2 2 2 2 2
Iolly = D IVl +51(v, 0), llolls = Y IV - ol + looll® + s2(0, o),
TeTh TeTy

where ||v||% = ||(v, v)r|l and [|v]|® := (v, v), (v, v) is the L? inner product defined on £2. The following theorem summarizes
the results. For more details on the method, we refer the reader to [9].

Theorem 1 ([9]). First, define Quu = {Qou, Qyu} € V}, with Qy and Q, being the L? projections from L*(T) to Py41(T) and from
1%(e) to Pyy1(e), respectively. Then, define Q.q = {Quq, (Qsq - n.)n.} € X}, with Qy and Q, being the L? projections from
[L2(T)]% to [Pr(T)]¢ and from [L?(e)]® to [P(e)]%, respectively. Let (uy,, Qi) € Vi x X, be the WG-LS finite-element solution of the
problem (4)-(6) arising from (10). Assume the exact solution u € H*t?(§2) and q € [H*t'(£2)]¢, then there exists a constant C
such that

llun — Quutlly + llan — Quall s < Ch**'(lullsz + l1llis). (11)

The error estimate, (11), gives an a priori error estimate for the WG-LS scheme (10). Note that such an estimate only
holds when the solution is sufficiently smooth (u € H*"2(£2)) and, therefore, cannot be applied for problems with singular
solutions. In this paper, we derive a residual-type a posteriori error estimate for (10) without assuming such high smoothness
on the solution.

3. A posteriori error estimate

Letuy, = {ug, up} and q, = {qo, q»} be the solution of the WG-LS scheme (10) for the model problem (4)-(6). For simplicity,
assume that the coefficient A is the identity and that the function c is bounded away from zero,c > & > 0, for some
constant, £. The analysis below can easily be extended to more general cases of coefficients with simple and straightforward
modifications.

We obtain an a posteriori error estimator by using a residual-based approach. On each T € 7y, define a local estimator,

nr,
nF = IV - @n + cuo — fIF + G0 + Vyunllz + s1.7(un, un) + S2,7(qn, qn)- (12)

Note that the first two terms correspond to the residuals of (10) on T and the last two terms are the stabilization terms which
appear in (10). Based on 5y, we define a global a posteriori error estimator, 7, as follows:

= (13)
TeTh

In the rest of this section, we show that the error estimator defined above is both efficient and reliable, i.e., it provides both
lower and upper bounds for the true error.
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For the sake of simplicity, we introduce the following notation for measuring the true errors,

2 2 2 2
lu—wpllp =" lu—wli; and lg—auli =Y la—aul7r.

TeTh TeTh
where
lu — uhllﬁ,r = [IVu — Vyupll} + llu — uoll? + s1.r(un, up),
la—aulli+ = la—qoll? + IV - q— Vo - qll? + s2.7(qh, qn).

In addition, the following trace inequality (see [3] for details) plays an important role in the analysis. For any function
¢ € H'(T),

el < € (7 MlleliF + hrllVellz) (14)

where ||v||? := (v, v), with (-, -), being the L? inner product defined on edge e.
Before proving the efficiency and reliability of the a posterior error estimator, we introduce a few lemmas to help with
the analysis. The first relates the errors in the standard derivatives to the errors in the weak derivatives.

Lemma 3.1. Let (u, q) and (uy, qp) be the solutions of (4)-(6) and (10) respectively, then
1
[Vu — Vuollr < [Vu = Vyuplir + s1,7(us, un)2, (15)
IV-a=V-qlir = IV-q—=Vy-aullr +s2.7(an qn)?2.

ol

—
—_
(*))]

=

Proof. By the triangle inequality,

Vu—Vugllr = [Vu = Vyuplir + [[Vwtn — Villr. (17)
Then, the second term expands to

IVutn = ViollF = (Vattn, Vayttn)r — 2(Vilin, Viio)r + (Vg Vilg)r. (18)
Using the definition of the weak gradient, (9),

(Viun, Vyup)r = —(uo, V - Viyup)r + (Up, Viylip - M)yt

= (Vug, Vyuup)r — (U — Up, Vyylip - M)y,

and

(Vuo, Vug)r = —(uo, V - Vo)r + (uo, Viip - m)sr
(Vug, Vyup)r + (uo — up, Vg - M)y

Substituting the two equations above back into (18) and using (14) and the inverse inequality,
1
Vit — VuollF = (uo — tp, (Vg — ViyUn) - Mo < S1.7(Un, Un)2 [ Vit — Visollr,

which implies ||V, up — Vug|lr < s1.r(up, up)'/?. Together with (17), (15) follows directly. Inequality (16) can be derived in
the same fashion. O

Lemma 3.2. Let u and q be the solution of (4)—(6) and u, = {uo, up} and q, = {qo, q»} be the solutions of (10). Then, the
following equality holds,

> (@—qo. Vu— Vi) = Y (V- @n+ cup — f, u— p)y

TeTh TeTh
“+c(u — ug, u — Up)r)
+ £1(u, qn) — La(up, q) — £3(un, qn), (19)

where

€4(u, qn) = ) (Qou — u, (G0 — @) - Mt

TeTh

C5(un, @) = Y (o — up, (@ — Qo) - M)y,

TeTh

3(up, qn) = Z(Uo — Up, (qo — qp) - M)pr.
TeTy
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Proof. On each element T,
(4 —qo, Vu — Vyup)r = (q — qo, Vu)r — (4 — qo, Vyylin)r.
Using integration by parts and (8),
(V- qo, Qu)r = —(qo, VQou)r + (Qou, qo - M)sr
= (Vu - qn, t)r + (Qolt, (qo — gp) - M)pr-
Then, using integration by parts, (21), and the fact that

S mor = Y g mar =0,

TeTy TeTy

> (@—@o, Vuyr = Y (=(V - (q— qo), w)r + (u, (@ — qo) - M)sr)

TeTy TeTh
= > (—~(V-q,u) + (V- qo, ) + (1, (@ — Qo) - M)s7)
TeTy
==Y (V-a— Yy - ) + £1(u, qn).
TeTh

Next, using (9), (8), and integration by parts,
(Qod, Viup)r = —(uo, V - Qo@)r + (up, Qoq - M)sr
= (Vuo, @)r — {(uo — up, Qoq - M7
= —(V - q,uo)r + (uo — up, (4 — Qoq) - M)pr,
and
—(uo, V- qo)r + (up, qo - Moy
(Vuo, qo)r — (Uuo — Up, qo - M)sr
= —(Vy - qn, to)r — (Uo — Up, (qo — qp) - M)pr-

Combining (23) and (24), we get
> (@—do, Vutn)r = Y (@, Vuttn)r — (o, Vltn)r)

TeTy TeTh

(qO, unh )T

== > (V-q= Vo - Q. to)r + La(un, Q) + £3(up. Q).
TeTh

Finally, substituting (22) and (25) back into (20), we arrive at,
> @—q0, Vu— Vo) = Y (4 - qo, Vit — (4 — Qo Vaultn)r)

TeTh TeTh

- Z(V “q— Vy - Qp, u— up)r + £1(u, qp)
TeTh

— Lo(un, q) — £3(up, qn).
Then, (19) is obtained directly from (5), which completes the proof. O

387

(22)

(24)

(25)

(26)

Lemma 3.3. Let (u, q) and (up, qy) be the solutions of (4)-(6) and (10), respectively. For 0 < € < 1, there exists constant C such

that,

[ an)l < Ce ' +e Y [V — Vo7,
TeTy

€2, @) < Ce '? +e > (lla—qollf + 1(V-a— Vo - an)liF).
TeTy
1€3(up, )l < Cn*.

(27)

(28)

(29)
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Proof. By the trace inequality (14), (15), and the Cauchy-Schwarz inequality, (27) is derived as follows,
1€1(u, qn)l = 1 (Qou — o) + g — u, (G0 — Gv) - Msr|

TeTh
_ 1/2
< 3 (" 1Qo(u — o) — (u — o) + hI Vot — o) — (u — u)12) " 52:r(ah a1)"?
TeTy
1
< CY V@ = uo)lir s2.7(qn G1)2
TeTh
1
< C Y (IVu = Viunll} + s1r(un, un)) s2.7(an. n)?
TeTh
< Ce'nP ey [IVu— V.

TeTy
Considering ¢, note that,

|€2(un, @) = 1 {uo — tp, (4 — Qo + Go — Qo) - M) 1|
TeTh

< > l{uo — p, (4 — Qo) - Mar| + (o — p, Qo(q — Go) - Msr |- (30)
TeTy
Using the Cauchy-Schwarz inequality, the inverse inequality, and the trace inequality, we estimate the two terms on the
left-hand side as follows,

[{(uo — up, (q —qo) - M)a7| < llug —upll 1 (@ —qo)-n|| 1
H?2(3T) H™2(3T)

[N

1
< Csp.r(un un)? (llg — qollF + IV - (@ — qo)lIF)?

and
(o — ttp, Qo(@ — Go) - Mysr| < i ? lup — wpllor hr 1Qu(@ — o) - mllsr
< sty wh)? hr[|Qo(q — go)lor
< Csy.r(un, )2 1Qo(q — qo)lr

1
< Cs1,7(up, up)2 | — qoll7-

Then, substituting the above two inequalities back into (30), we obtain,

N=

1
€2, @)l < C Y (lla— Qolif + IV - (@ — q0)l17)* s1.7(un, up)
TeTh

<Ce '’ ey (lla—qollf + (Y -a—Vu-an)l).
TeTh
Finally, ¢5 is bounded as follows,
[£3(up, qp)| < Z [{uo — up, (qo — qp) - M)7]|
TeTy
1 1

< Z s1r(Un, Un)2S2,7(qh, Qr)2 < . O

TeTy

Now we are ready to present the main results of the paper. First, we show that the a posteriori error estimator, (12), is
reliable.

Theorem 2. Let u and q be the solution of (4)-(6) and u, = {uo, up} and q, = {qo, qs} be the WG-LS solution of (10). There
exists a positive constant C such that,

lu = unll? + llg — @ully < C Y nf = Cr. (31)
TeTy
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Proof. Using (19) and (4), we have

D Ve = VwlF = Y [(Vu— Vyup +q—qo, Vu— Vyyup)r
TeTy TeTy

—(q — qo, Vu — Vyup)r]

= - Z [(kuh +qo, Vu — unh)T
TeTy

+(Vi - @n + cuo — f, u — up)r + c(u — up, u — up)r]
— C(u, qn) + Lo(un, q) + €3(un, qn).
This implies,
> [I1Vu =Vl + cllu —uolF] = = > (Vs + Go. Vu = Viyup)r
TeTh TeTh
H(Vy - qu + cuo — f, u — uo)r]
— £1(u, qn) + £2(un, q) + £3(Un, qn)-
Using (27)-(29) and the Cauchy-Schwarz inequality,

> Ve = Vaunlif +cllu —uoll}) < Ce™ Y n

TeTy TeTh
2 2
+2€ ) [Vu—Vyupllf +€ Y cllu — uoll?
TeTh TeTh

+e) (la—aolf +1V-a— V- al}).

TeTh
Similarly,
Z la—qoll7 = Z((q —qo + Vu— Vylp, q — qo)r — (Vi — Vyup, q — qo)r
TeTy TeTy

= - Z((QO + Vyur, 4 —qo)r) + (Vo - an +cug — f, u — ug)r

TeTh
—c(u —ug, u—ug)r) — £1(u, qn) + £2(un, q) + £3(un, qn),

which implies,

> (e — ol +cllu —uoll}) < Ce™' >

TeTy

TeTh
2 2
+e Y IVu—Vyullf +€ Y cllu—uol}
TeTh TeTh

+2€ > (la—qoll} + IV - q— Vi - aull?).
TeTy

In addition, from (32) and (33), we have,

DIV-a=Vo @l <2 (IV-q= V@ +c(u—uo)lf + cllu—uoll})
TeTh TeTh

2 (1w - @ + cuo — 112 + cllu — uo12)
TeTy

Ce™' > ni+3€ Y IIVu— VyunlF +2¢ Y cllu—uol

TeTy TeTy TeTy

+3€ > (la—ll} + IV -q— Vu - aull?).
TeTy

IA

389

(32)

(34)



390 J.H. Adler, X. Hu, L. Mu et al. / Journal of Computational and Applied Mathematics 362 (2019) 383-399
Using (32)-(34),

> (Ve = Vaunllf +cllu — uollf + lla — qoll} + IV - @ = Vi, - aull?)

TeTh
<Ce' Y 466 Y IVu— Vol +4e Y cllu—uol
TeTy TeTh TeTh
2 2
+6¢ Y (la—olif + IV -a— Vi - aullf).
TeTh

By choosing € = 1/12, we obtain (31) directly, which completes the proof. O

Finally, we show that the a posteriori error estimator is also efficient locally.

Theorem 3. Let u and q be the solution of (4)-(6) and u, = {ug, up} and q, = {qo, q»} be the solution of (10). There exists a
positive constant C such that

nf < Cllu — uplly ¢ + lla — aull} )- (35)

Proof. Using (5),

”Vw “qn + Clup _f”T = ”Vw - qn + Cup — V. q-— Cu”T
IV -an — V- qllr + cllu — uollr
lu — upllnr + 19 — Qnllnz-

IATA

On the other hand, by (4),

ldo + Vuwlnllr = l1Qo + Vuun — q+ Vulr
g —qollr + IVu — Vyupllr
lu — upllpr + 14 — qnllnT-

IATA

Combining the two estimates above and using the definition of nr, (12), (35) follows directly. O

Summing over all the element T, we obtain the following global lower bound for the error estimator.

Theorem 4. Let u and q be the solution of (4)-(6) and u, = {ug, up} and q, = {qo, qp} be the solution of (10). There exists a
positive constant C such that

n* < C(lu —uplly + lla — anll3)- (36)

Remark 3.1. For general symmetric positive definite A, we need to slightly modify the definition of the local error estimator
as follows,

_1 1
77 = IV - @ + ctio — fIIF + A~ 2q0 + A2 Vo, un |7 + 51.7(tth, un) + $2.7(Qh, Gn)- (37)

1. S — . .
where A2 is the square root of A and A~ 2 is its inverse. Moreover, the definition of ||ju — uh||ﬁ~T and ||q — qp ||ﬁ,T is modified
as follows,

2 1 2 2
lu —unllir = I1AZ(Vu — Vyup)lls + llu — uollT + s1,7(un, un),

_1
la—aull;+ = 1A"2(q — qo)lIF + IV - q — Vi - qllF + S2.7(an. an)-

Then the analysis can be carried out in a similar manner with a slight modification and the reliability and efficiency of the
a posteriori error estimator still hold. The main difference is that the constant C in the reliability bound (31) depends on
max{Amax(A), )\r;i]n(A)}, where Anax(A) and Anin(A) are the extreme eigenvalues of A, and the constant C in the efficiency

bound (35) is independent of A.

Theorems 2, 3, and 4, and more specifically estimates (31), (35), and (36), show that the a posteriori error estimator is
both efficient and reliable. We now use this fact to develop an adaptive refinement algorithm.

4. The adaptive WG-LS method

Following [32], for the adaptive approximation of (4)-(6), we consider a loop of the form (1). In particular, assume that an
initial mesh 7, a parameter 6 € (0, 1], and a targeted tolerance ¢ are given. Let u, and q, denote the approximate solutions
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to (10) on the £th level adaptive mesh, 7;, and let Ul} and n, denote the local and global a posteriori error estimator on mesh
Te, respectively. Then, the adaptive algorithm is summarized in Algorithm 1.

Algorithm 1 Adaptive WG-LS Method
[Llj, qj] = AFEM('F), 9, 8)

1: Set£ =0

2: loop

3: [ug, qg] = SOLVE('T[)

4 [{nf}rer;» n'] = ESTIMATE(ur, q,7¢)
5. if nt < ¢ then

6: j:ZanduJ =Ug, qf = qq.

7: return

8: endif

9: Mg = MARK(T, {nr}rer;. 11°, 6)

10:  Tep1 = REFINE(T;, M,)

1: =441

12: end loop

As shown, the adaptive algorithm involves four different modules, i.e., SOLVE, ESTIMATE, MARK, and REFINE. In the next
few sections, we introduce and define these four modules used in the adaptive loop.

4.1. SOLVE Module
The SOLVE module takes the current adaptive grid as input and outputs the corresponding WG-LS approximation to the

problem. This stage may involve a variety of other numerical techniques needed to discretize the problem and to solve the
linear systems. The detailed module with our specific approach is shown in Algorithm 2.

Algorithm 2 SOLVE module
[ue, q¢] = SOLVE(T;)

1: On current grid, 7, assemble the linear system of equations corresponding to the WG-LS scheme (10).
2: Solve the linear system for 1, and q, (in this work, MATLAB's built-in “\” function is used, i.e., a sparse direct solver).

4.2. ESTIMATE Module

Given an adaptive mesh and the WG-LS approximations, u, and q,, the ESTIMATE module computes the a posteriori error
estimator, n%, on each element T € 7;. Here, we use the local estimator (12) and the algorithm is shown in Algorithm 3.

Algorithm 3 ESTIMATE Module

[{nf}rem, n'] = ESTIMATE(uq, q¢, T¢)
1: Compute nf on each element T € 7; using (12).
2: Compute n* based on (13).

4.3. MARK Module

The MARK module selects elements T € 7; whose local error indicator n? is relatively large and which need to be refined.
In this work, we use the Doflers marking strategy [32], and this module is shown in Algorithm 4.

Algorithm 4 MARK Module
M, = MARK(T7, {n%}rer, n°, 0)
1: Choose a subset M, C 7 such that
n'(Me) < o', (38)

1

where (M) := (ZTEM( "%) g
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(a) (b)

Fig. 1. Refinement of polygonal mesh: (a) Original polygon; (b) After refinement.

Here, we require the parameter 6 € (0, 1]. While the choice of M, is not unique, in practice, we choose the size of the
subset M, to be as small as possible. Therefore, we use a greedy approach, where we rank the elements, T, according to the
error indicators, nf, from largest to smallest. Then, we choose the elements with the largest error, so that condition (38) is
satisfied using the minimal number of elements.

4.4. REFINE Module

The final module, REFINE, refines the marked elements T € 7; and outputs a newly refined mesh 7;, ;. Traditionally, for
simplicial meshes (triangles in 2D and tetrahedrons in 3D), sophisticated refinement procedures, such as newest vertex
bisection, need to be used in order to keep the shape regularity of the elements and eliminate any hanging nodes that
are introduced during refinement. Those refinement algorithms are usually quite complicated and not easy to implement
(see [32] for details). However, one of the advantages of the WG-LS scheme is that it allows for the usage of more general
polygonal meshes, where hanging nodes are not an issue. This gives more freedom and flexibility on how to perform
the refinement of an element without worrying about the conformity of the meshes. Therefore, for this work, we use a
straightforward approach to refine a polygonal element. More precisely, on one element, T, the refinement is performed by
connecting the barycenter of the polygon and the middle point of each edge on the boundary. See Fig. 1. Because hanging
nodes are allowed, no further steps are needed to eliminate them. Therefore, the union of the new elements obtained
from refining T € My, along with the elements T € T,\M, gives the new adaptive mesh 7;, 1. This is summarized in
Algorithm 5.

Algorithm 5 REFINE Module
Tes1 = REFINE(T;, M)

1: forT € M, do

2:  refine T as shown in Figure 1.

3: end for

4: Combine all new elements and subset 7;\ M to construct the new mesh 7y, 1.

5. Numerical examples

Next, we perform several numerical tests to validate the theoretical results using the overall adaptive WG-LS algorithm,
Algorithm 1, based on the a posteriori error estimator (13). The tests are implemented in MATLAB based on iFEM [33] and
the polygonal meshes used in the experiments are produced by PolyMesher [34].

5.1. Efficiency and reliability of a posteriori error estimator n

In this subsection, we show the effectiveness of the proposed a posteriori error estimator n by verifying its efficiency and
reliability, i.e., Theorems 2 and 3. More precisely, we define the effective index as follows

eff-index = d = (39)

(lu = unllf + lla — anll})?

which is the ratio between the a posteriori error estimator and the true error. According to the reliability result (31) and
the efficiency result (35), we expect the effective index to be bounded from both above and below. In fact, as is shown later,




J.H. Adler, X. Hu, L. Mu et al. / Journal of Computational and Applied Mathematics 362 (2019) 383-399 393

Table 1

Efficiency and reliability tests for Example 5.1.
h (It = unli + g — qall2) Rate n Rate Eff-index
Triangular mesh
1/4 8.3451e—02 7.5531e—02 091
1/8 3.9910e—02 1.06 3.7073e—02 1.03 0.93
1/16 1.9702e—02 1.02 1.8436e—02 1.01 0.94
1/32 9.8179e—03 1.00 9.2051e—03 1.00 0.94
1/64 4.9048e—03 1.00 4.6009e—03 1.00 0.94
1/128 2.4519e—03 1.00 2.3002e—03 1.00 0.94
Rectangular mesh
1/4 9.5636E—02 9.2179E-02 0.96
1/8 4.7251E—02 1.02 4.6711E—02 0.98 0.99
1/16 2.3599E—02 1.00 2.3528E—02 0.99 1.00
1/32 1.1800E—02 1.00 1.1791E-02 1.00 1.00
1/64 5.9001E—-03 1.00 5.8990E—03 1.00 1.00
1/128 2.9501E—03 1.00 2.9500E—03 1.00 1.00
Polygonal mesh
1/4 8.9887E—02 8.4270E—02 0.94
1/8 4.3345E—-02 1.05 4.1622E—-02 1.02 0.96
1/16 2.1899E—02 0.98 2.1418E—02 0.96 0.98
1/32 1.1078E—02 0.98 1.0901E—02 0.97 0.98
1/64 5.5544E—03 1.00 5.4883E—03 0.99 0.99
1/128 2.7958E—03 0.99 2.7667E—03 0.99 0.99

the effective index of the proposed a posteriori error estimator is very close to 1, demonstrating that n provides a very good
estimate of the true error. In order to compute the effective index, we need to know the exact solution of u and q.

Example 5.1. Consider the model problem (4)-(6) with A = I, where [ is the identity matrix,c = 2,and 2 = (0, 1) x (0, 1).
Choose the following analytical solution,

u=x1-x)y(1-y).
Homogeneous Dirichlet boundary conditions are used (g = 0) and the right-hand side function f is computed accordingly.

The efficiency and reliability tests are performed on uniform triangular, rectangular, and polygonal meshes with different
mesh size h. Here, we use linear elements, i.e., k = 1. The true error and the a posteriori error estimator are reported in Table 1
together with the effective index defined as in (39).

From Table 1, we see that both the true error and the a posteriori error estimator converge with the optimal rate, which
is 1 for k = 1. Not only do they have the same convergence rate, but they are almost the same for all test cases. Similarly,
the effective index is close to 1 for all cases as well. This demonstrates that the a posteriori error estimator, », provides an
efficient and reliable estimate of the true error (||u — uh||ﬁ +lq— thlﬁ)m. This also implies that the constants involved
in the efficiency estimate (35) and reliability estimate (31) are both close to 1. Finally, we note that the a posteriori error
estimator is also robust with respect to different types of meshes. This property implies that the a posteriori error estimator
and the adaptive algorithm based on it can be effectively applied to meshes which consist of different types of elements.

5.2. Adaptive algorithm on general polygonal meshes

Next, we use the adaptive algorithm (Algorithm 1) to solve the model problem (4)-(6) on general polygonal meshes and
demonstrate the robustness of the proposed a posteriori error estimator (13), as well as the overall adaptive method. We
choose & = 0.2 in the MARK module for all test problems.

Example 5.2. Consider the model problem (4)-(6) with A = I, where I is the identity matrix, and ¢ = 0 on an L-shaped
domain with a reentrant corner, namely 2 = (—1, 1)\[0, 1) x (—1, 0]. The exact solution is u(r, ¢) = r*/* sin(¢) in polar
coordinates. The right-hand side f = 0 and Dirichlet boundary conditions, u = g are used on 952.

We first solve Example 5.2 by Algorithm 1 with the initial mesh 7y being a rectangular mesh as shown in Fig. 2(a).
Although we start with a uniform rectangular mesh, after applying the refinement procedure discussed in Section 4.4,
adaptive meshes 7;, £ > 1, become general polygonal meshes with possible hanging nodes. The final adaptive meshes
with different polynomial degrees (k = 1and k = 2) are shown in Fig. 2, and we see that they are general polygonal meshes.
More importantly, for both cases, the adaptive meshes are refined mainly around the corner where the singularity occurs.
In addition, the refinements are more focused around the corner singularities when k = 2. This is expected since away from
the corner, the solution is smooth and high-order schemes provide a better approximation. In Fig. 3, we plot the true error
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(a) (b) (c)

Fig. 2. Example 5.2: (a) Initial rectangular mesh; (b) Final mesh with linear elements, k = 1; (c) Final mesh with quadratic elements, k = 2.
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Fig. 3. Convergence tests for the L-shaped problem (Example 5.2) using a rectangular initial mesh.

and error estimator 1 for k = 1and k = 2, respectively. As shown, the error estimator is quite close to the true error. From
Table 2, we can see that the effective index is about 0.5 — 0.9, which means that the error estimator is efficient and reliable on
adaptive general polygonal meshes. Additionally, both converge with the optimal rate, i.e., N~ fork = 1and N~ for k = 2,
where N is the total number of degrees of freedom. This shows the optimality of the adaptive algorithm.

We next repeat the same test with the initial mesh 7 being a polygonal mesh as shown in Fig. 4(a). Final adaptive meshes
for k = 1 and k = 2 are shown in Fig. 4(b) and (c), respectively. Similarly, the meshes are correctly refined near the corner
where the singularity is, showing the effectiveness of the adaptive Algorithm 1 for general polygonal meshes. Moreover, the
refinements are more focused when k = 2 as expected. The convergence results are plotted in Fig. 5. Again, the true error
and the error estimator are quite close. In fact, the effective index is about 0.7 — —0.9 as shown in Table 3. Therefore, we
conclude that the adaptive algorithm converges with optimal order for both k = 1 and k = 2 on general polygonal mesh as
well.

In the final test, we consider a problem with an interior layer, which is not resolved on the initial meshes.

Example 5.3. Consider the model problem (4)-(6) with A = I, where I is the identity matrix, and ¢ = 0 on a square
domain £2 = (0, 1) x (0, 1). The exact solution is
u = 16x(1 — x)y(1 — y)arctan(25x — 100y + 50),

which has a sharp interior layer as shown in Fig. 6. Homogeneous Dirichlet boundary conditions are used (g = 0) and the
right-hand side function f is computed accordingly.

We again test with two different initial meshes: a rectangular mesh and a polygonal mesh. As shown in Figs. 6, 7 and
9, both meshes are locally refined near the interior layer as expected. This shows that the a posteriori error estimator, 7,
successfully detects the singularities along the interior layer so that our adaptive algorithm can accurately refine along that
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(a)

Fig. 4. Example 5.2: (a) Initial polygonal mesh; (b) Final mesh with linear elements, k = 1; (c) Final mesh with quadratic elements, k = 2.
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Fig. 5. Convergence tests for the L-shaped problem (Example 5.2) using a polygonal initial mesh.

Table 2
Efficiency and reliability tests for Example 5.2 with rectangular initial mesh (shown as
Fig. 2(a)).
Refined steps DOFs (Ihu = up, u% +lla—ap ||)%l)1/2 n Eff-index
Results for k = 1
1 120 2.8016e—01 2.0852e—01 7.4430e—01
5 240 1.9363e—01 1.6534e—01 8.5388e—01
10 690 1.2097e—01 9.7574e—02 8.0660e—01
15 1893 7.6209e—02 5.8731e—02 7.7065e—01
20 5595 4.7324e—02 3.5583e—02 7.5191e—01
Results for k = 2
1 200 1.4622e—01 7.2139e—02 4.9336e—01
5 400 7.0034e—02 3.7995e—02 5.4251e—01
10 660 3.8928e—02 2.7145e—02 6.9731e—01
15 1340 2.4894e—02 1.6331e—02 6.5601e—01
20 2505 1.3985e—02 9.0276e—03 6.4552e—01
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layer. As expected, such refinement is more focused with less pollution when k = 2. Again this is because the solution is
quite smooth away from the singularity. In addition, we plot the true error and the error estimator in Figs. 8 and 10 for the
different initial meshes, respectively. In all cases, the true error and the error estimator do not converge well at the beginning
of the adaptive algorithm. This is because the mesh is still not locally refined enough to capture the interior layer completely.
Once the mesh is refined to capture the layer, the optimal convergence rate is achieved for all cases. From Tables 4 and 5, we
can see that the effective index is about 0.6 — —0.9 which shows that the error estimator approximates the true error quite
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Table 3
Efficiency and reliability tests for Example 5.2 with polygonal initial mesh (shown as Fig. 4(a)).
Refined steps DOFs (lu = upi? + lla - a, Hﬁ)l/z n Eff-index
Results fork = 1
1 1047 1.2916e—01 1.1339e—01 8.7792e—01
5 1401 9.7526e—02 8.3008e—02 8.5113e—01
10 3924 5.7645e—02 4.5632e—02 7.9161e—01
15 9384 3.7333e—02 2.7122e—02 7.2648e—01
20 27459 2.3641e—02 1.7583e—02 7.4376e—01
Results for k = 2
1 1745 4.9363e—02 3.6032e—02 7.2995e—01
5 1995 2.6775e—02 1.8850e—02 7.0402e—01
10 2435 1.6496e—02 1.1911e—02 7.2205e—01
15 3695 9.6811e—03 6.8209e—03 7.0456e—01
20 6680 5.4837e—03 3.7892e—03 6.9099e—01

0.2 0.4 0.6 0.8 1

(a) (b) (©

Fig. 6. Example 5.3: (a) Exact solution; (b) Numerical solution on final mesh shown as Fig. 7(c); (c) Numerical solution on final mesh shown as Fig. 9(c).

(a) (b) (©)

Fig. 7. Example 5.3: (a) Initial rectangular mesh; (b) Final mesh with linear elements, k = 1; (c) Final mesh with quadratic elements, k = 2.

well. Overall, the adaptive algorithm based on the proposed a posteriori error estimator is effective on general polygonal
meshes.

6. Discussion

In [9], the WG-LS method was proposed to solve mixed formulations of Poisson’s equation on general polygonal meshes.
Here, in order to resolve the singularities that usually appear in practical applications, we derive an a posteriori error
estimator for the WG-LS method and theoretically prove that it is reliable and efficient. An adaptive algorithm is also
developed based on the proposed error indicator and a simple refinement scheme. This adaptive WG-LS method is easily
implemented and the numerical experiments presented here demonstrate its robustness. The a posteriori error estimator
accurately captures singularities as well as interior layers, and the overall adaptive algorithm achieves optimal convergence
in practice.
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Fig. 9. Example 5.3: (a) Initial polygonal mesh; (b) Final mesh with linear elements, k = 1; (c) Final mesh with quadratic elements, k = 2.
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Fig. 8. Convergence tests for Example 5.3 using a rectangular initial mesh.
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Fig. 10. Convergence tests for Example 5.3 using a polygonal initial mesh.
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Future work involves extending the adaptive WG-LS method to other applications. In addition, based on the reliability and
efficiency results, we will theoretically prove the optimal linear convergence and computational complexity of the adaptive
algorithm using the framework proposed in [32]. Finally, in order to achieve the full potential of the adaptive WG-LS method,
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Table 4
Efficiency and reliability tests for Example 5.3 with rectangular initial mesh (shown as
Fig. 7(a)).
Refined steps ~ DOFs (e = up? + la — apl1?) 172 n Eff-index
Results for k = 1
1 456 7.4742e+4-00 5.4008e+00 7.2259e—01
5 582 9.0813e+-00 6.1551e+00 6.7777e—01
10 852 7.2369e+-00 4.7588e+-00 6.5757e—01
15 1569 6.2796e+4-00 3.9191e+4-00 6.2410e—01
20 3048 4.8116e+-00 3.7600e+-00 7.8145e—01
25 8505 3.0131e+-00 2.5276e+-00 8.3886e—01
30 25128 1.8329e+-00 1.5482e+-00 8.4467e—01
35 74445 1.1041e+4-00 9.2828e—01 8.4075e—01
Results for k = 2
1 760 9.5896e+-00 7.6956e+00 8.0250e—01
5 920 6.4620e+-00 5.1345e+-00 7.9458e—01
10 1130 5.6455e+-00 4.1229e+-00 7.3031e—-01
15 1640 4.4214e+4-00 3.5152e+00 7.9504e—01
20 2390 2.9776e+-00 2.2892e+00 7.6882e—01
25 4250 1.9212e+4-00 1.4834e+4-00 7.7215e—01
30 7805 1.2091e+00 9.3808e—01 7.7587e—01
35 14300 6.7927e—01 5.7008e—01 8.3926e—01
Table 5
Efficiency and reliability tests for Example 5.3 with polygonal initial mesh (shown as Fig. 9(a)).
Refined steps  DOFs (e = unll2 + llg — qh||ﬁ)1/2 n Eff-index
Results fork = 1
1 612  8.6299e+00 6.1078e4+00  7.0774e—01
5 780  7.2732e+00 3.9663e+00  5.4533e—01
10 1080  6.8099e+00 4.0300e4+00 5.9178e—01
15 1671  6.3390e+00 4.4649e4+00  7.0436e—01
20 3420 4.6317e+00 3.5092e4+00  7.5766e—01
25 8619  3.1636e+00 2.5765e4+00  8.1444e—01
30 24789  2.0097e+00 1.6421e4+00  8.1712e—01
35 75624  1.1920e+00 9.8636e—01  8.2747e—01
Results for k = 2
1 1025  8.2012e+00 5.7751e4+00  7.0417e—01
5 1305 5.9464e+-00 4.3151e+00 7.2566e—01
10 1725  4.6714e+00 3.7978e+00  8.1298e—01
15 2460  3.3975e+00 2.5637e4+00  7.5458e—01
20 4025  2.3416e+-00 1.7140e4+00  7.3201e—01
25 6045 1.4879e+-00 1.2278e4+00  8.2517e—01
30 11490  8.8482e—01 7.0348e—01  7.9506e—01
35 22225  4.9469e—01 4.0818e—01  8.2512e—01

we will design optimal multigrid solvers based on the adaptive polygonal meshes and ultimately solve the resulting linear
system of equations efficiently.
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